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Introduction. 
Bismuth-based materials have been extensively studied due to their possible applications in various areas, especially 

used as promising photocatalysts for the removal of persistent organic pollutants (COP). Advanced oxidation processes 
that employ highly oxidizing hydroxyl radicals serve for development in wastewater decontamination processes, in air 
purification, and in the production of clean energy through the separation of water into H2 and O2. Furthermore, among 
the various advanced oxidation processes, heterogeneous photocatalysis is the most promising approach that has been 
significantly investigated in the last two decades due to its potential to completely remove organic compounds. 
Mechanism of photocatalysis using semiconductors is documented in the literature and a great deal of research has been 
carried out on the design and development of various photocatalysts. For instance, bismuth oxyhalides (BiOX, X  = F, Cl, 
Br, I) are a new class of two-dimensional materials that have attracted extensive interest owing to their tetragonal PbFCl− - 
type layered crystal structure with [Bi2O2]2+ slabs interleaved by double slabs of halogen ions that produces an internal 
static electric field perpendicular to each layer [1-3]. The self-generated internal electric field produced in bismuth 
oxyhalides is favorable for the transport of electrons and photoinduced holes within the crystal, resulting in increased 
photocatalytic activity due to the greater separation of photogenerated charge carriers. There are various bismuth 
oxyhalides, such as BiOBr, which have attracted great attention due to its high stability, good electrical conductivity and 
relatively superior photocatalytic activity under visible light. 

On the other hand, the formation of spatio-temporal patterns has been analyzed using various types of mathematical 
models from nonlinear chemistry [8]. From the biological point of view, the patterns formed by the numerical solutions 
of these models can be classified into two categories: chemical patterns and patterns of cell movement. In the category of 
chemical standards there are two types of models: gradient models and reaction-diffusion models [5, 6]. Reaction-
diffusion models describe the chemical interactions that generate complex patterns in space and / or time, due to the 
presence of transport, synthesis and degradation terms that depend on all the chemical substances present in the analysis 
domain. Moreover, cell movement models analyze the formation of spatial patterns due to changes in cell density, by 
aggregation or repulsion between cells, or by response to specific chemical substances. In 1952 A. Turing was the first to 
observe and attribute to chemical interactions between substances the self-formation of patterns in nature [9] and studied 
the solutions of biological models described by reaction-diffusion equations. In them he found that there can be three 
types of instabilities: a) oscillatory in time and uniform in space, related to Hopf instabilities independent of space [4], b) 
stationary in time and periodic in space [5, 9], and c) oscillatory in space and time [8, 7]. Turing further demonstrated that 
a chemical reaction-diffusion system can evolve into heterogeneous spatial patterns from a uniform steady state in 
response to small perturbations. Accordingly, he established that diffusion can lead to chemical instability, thus inducing 
the formation of a spatial pattern where it did not previously exist. This type of instability, stationary in time, is better 
known as Turing instability.  

In this research work, a reaction mechanism for ox-redox kinetics is proposed by interacting a hypothetical 
semiconductor with electromagnetic radiation in the ultraviolet. Subsequently, using the reaction mechanism obtained 
from nonlinear chemistry, a diffusion reaction system is deduced that presents Turing and Turing-Bogdanov-Takens 
instability. Using the numerical method of functional difference implemented in python and its libraries [10], a three-
dimensional (3D) computational simulation is obtained from the numerical solution of the spatio-temporal kinetic of ox-
redox carry out during the air remediation. 

1. Mathematical reaction-diffusion model for photocatalysis of bismute oxyhalides in air remediation.  
Photocatalysis process to the elimination of NOx-type gases and its photo-oxidation mechanism can be carried out 

through the reaction of the polluting gases with the hydroxyl and superoxide radicals generated during the activation of 
the semiconductor (SC), according to the series of chemical reactions represented by the sequence of basic reactions may 
be written as: 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
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Performing the corresponding operations, from equations (1)-(3) and (7). Subsequently taking equations (4)-(6) two final 
equations are obtained 

𝑁𝑁𝑁𝑁 + 3𝑂𝑂𝑂𝑂∗ → 𝑁𝑁𝑁𝑁3− + 𝐻𝐻2𝑂𝑂 + 𝐻𝐻∗                                                                   (8) 
𝑂𝑂2 + 𝑂𝑂𝑂𝑂− + 𝑁𝑁𝑁𝑁 → 𝑂𝑂𝑂𝑂∗ + 𝑁𝑁𝑁𝑁3−                                                                    (9) 

Applying the law of mass action, we obtain: 
V1 = k1[OH*]3[NO]                                                                    (10) 

V3 = k2[NO][OH-][O2]                                                                   (11) 
Assigning variables to interest and constants terms that can remain constant during the catalysis, substituting in the 
equations 

 x = NO, y = NO3
-, z = OH*, A = O2. 

Substituting the variables assigned to the proposed equations based on equations (10) and (11), if a compound is reactive, 
it will be subtracted in the equation, since it is consumed during the catalysis process, but if it is a product, it will be 
positive because it is generated in the reaction: 

𝑑𝑑[𝑥𝑥]
𝑑𝑑𝑑𝑑

= −𝑘𝑘1[𝑧𝑧]3[𝑥𝑥] − 𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]                                                           (12) 
𝑑𝑑[𝑦𝑦]
𝑑𝑑𝑑𝑑

= 𝑘𝑘1[𝑧𝑧]3[𝑥𝑥] + 𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]                                                              (13) 
𝑑𝑑[𝑧𝑧]
𝑑𝑑𝑑𝑑

= −𝑘𝑘1[𝑧𝑧]3[𝑥𝑥] + 𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]                                                          (14) 
The hydroxyl radical (OH *) is an intermediate in the reaction for the formation of NOx compounds, therefore, this change 
tends to 0: 

𝑑𝑑[𝑧𝑧]
𝑑𝑑𝑑𝑑

= 0, 
0 = −𝑘𝑘1[𝑧𝑧]3[𝑥𝑥] + 𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]. 

Solving [z]3 from equation (14) we will obtain: 

[𝑧𝑧]3 =
𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]

𝑘𝑘1[𝑥𝑥]                                                                          (15) 

Substituting equation (15) into equations (12) and (13): 
𝑑𝑑[𝑥𝑥]
𝑑𝑑𝑑𝑑

= −2𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]                                                                      (16) 
𝑑𝑑[𝑦𝑦]
𝑑𝑑𝑑𝑑

= 2𝑘𝑘2[𝑥𝑥][𝑂𝑂𝑂𝑂−][𝐴𝐴]                                                                        (17) 
The analysis is simplified by converting these equations to a dimensionless form. The appropriate conversion factors are: 

 
[𝑥𝑥]𝑘𝑘1
𝑘𝑘2[𝐴𝐴]

= [𝑋𝑋]  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘1 =
𝐿𝐿3

𝑠𝑠 ∗ 𝑚𝑚𝑚𝑚𝑚𝑚−3
, 𝑘𝑘2 =

𝐿𝐿2

𝑠𝑠 ∗ 𝑚𝑚𝑚𝑚𝑚𝑚−2
 

Hydroxyl potential can be measured, so we establish a relationship by giving it a variable "L" 
−𝑙𝑙𝑙𝑙𝑙𝑙10[𝑂𝑂𝑂𝑂−] = 𝑝𝑝𝑝𝑝𝑝𝑝 
[𝑂𝑂𝑂𝑂−] = 10−𝑝𝑝𝑝𝑝𝑝𝑝 = 𝐿𝐿 

Introducing dimensionless parameters, we obtain a simpler form of the equations into (16) and (17): 
𝑑𝑑[𝑋𝑋]
𝑑𝑑𝑑𝑑

= −2𝑥𝑥𝑥𝑥 ,                                                                                     (18) 
𝑑𝑑[𝑌𝑌]
𝑑𝑑𝑑𝑑

= 2𝑥𝑥𝑥𝑥 .                                                                                      (19) 
In order to perform a computational simulation, it is necessary to find the domain of the numerical solution of a system 
of nonlinear partial differential equations (NPDE). Applying the diffusivity term to the system of equations: 

𝑑𝑑[𝑥𝑥]
𝑑𝑑𝑑𝑑

= 𝐷𝐷𝑥𝑥∇2[𝑥𝑥] − 2𝑥𝑥[𝐿𝐿],                                                                         (20) 
𝑑𝑑[𝑦𝑦]
𝑑𝑑𝑑𝑑

= 𝐷𝐷𝑦𝑦∇2[𝑦𝑦] + 2𝑥𝑥[𝐿𝐿].                                                                         (21) 
This type of NPDE system is called a reaction-diffusion system (RDS). Thus, it is necessary to find this domain using a 
general analysis technique called Linear Stability Analysis. This technique of studying mathematical models to solve 
NPDE by making ∇2 = 0 using the finite difference numerical method. 

𝐹𝐹 = −2𝑥𝑥[𝐿𝐿],                                                                                  (22) 
 

𝐺𝐺 = 2𝑥𝑥[𝐿𝐿].                                                                                   (23) 
We must compute the fixed points defined as the roots of the nonlinear terms of an EDPN system by making 𝜕𝜕[𝑢𝑢]

𝑑𝑑𝑑𝑑
=

0, 𝜕𝜕[𝑢𝑢]
𝑑𝑑𝑑𝑑

= 0, 𝜕𝜕[𝑣𝑣]
𝑑𝑑𝑥𝑥2

= 0 𝜕𝜕[𝑉𝑉]
𝑑𝑑𝑦𝑦2

……,etc. Therefore, when substituting these conditions in the RDS we obtain: F (u (x, y, t), v (x, 
y, t), t) = 0, G (u (x, y, t), v (x, y, t), t) = 0. This new system must be solved by some method to calculate the roots (u0, 
v0), either to obtain the solutions exactly (u0, v0) 
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𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

= −2[𝐿𝐿],
𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

= 0,
𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑

= 2[𝐿𝐿],
𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑

= 0                                                 (24) 

Jacobian: 

𝐽𝐽(𝑢𝑢, 𝑣𝑣) =

⎝

⎜
⎛
𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑

𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑 ⎠

⎟
⎞

                                                                        (25) 

𝑇𝑇𝑇𝑇[𝐽𝐽(𝑢𝑢, 𝑣𝑣)] =
𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

+
𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑

= −2[𝐿𝐿]                                                              (26) 

Determinant without the term of diffusion: 

0 = �
�𝜆𝜆 �1 0

0 1� −

⎝

⎜
⎛
𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

𝜕𝜕[𝐹𝐹]
𝑑𝑑𝑑𝑑

𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑

𝜕𝜕[𝐺𝐺]
𝑑𝑑𝑑𝑑 ⎠

⎟
⎞
�
�                                                               (27) 

Determinant with the term of diffusion: 

         0 = �𝜆𝜆 �1 0
0 1� − �−2[𝐿𝐿] 0

2[L] 0� − 𝑘𝑘2 �
𝐷𝐷𝑥𝑥 0
0 𝐷𝐷𝑦𝑦

��                                                (28)   

Solving: 
𝜆𝜆2 + 𝜆𝜆𝜆𝜆 + 𝜔𝜔 = 0                                                                           (29) 

Where 
𝛾𝛾 = 2𝐿𝐿 + 𝑘𝑘2�𝐷𝐷𝑥𝑥 + 𝐷𝐷𝑦𝑦�  𝑦𝑦  𝜔𝜔 = 2𝐿𝐿𝑘𝑘2𝐷𝐷𝑦𝑦 + 𝑘𝑘4𝐷𝐷𝑥𝑥𝐷𝐷𝑦𝑦   

Deriving ω according to k4and obtain 𝑘𝑘2: 
𝜔𝜔′ = 2𝐿𝐿𝐷𝐷𝑦𝑦 + 2𝑘𝑘2𝐷𝐷𝑥𝑥𝐷𝐷𝑦𝑦                                                                 (30) 

  𝑘𝑘2 = −
𝐿𝐿
𝐷𝐷𝑥𝑥

                                                                             (31) 

and defining: 

   𝐷𝐷 =
𝐷𝐷𝑦𝑦
𝐷𝐷𝑥𝑥

                                                                               (32) 

Can be wrote 𝛾𝛾 as: 
𝛾𝛾 = 𝐿𝐿(1 − 𝐷𝐷), 𝜔𝜔 = −2𝐿𝐿2D.                                                       (33) 

 
Calculation of instabilities: the steady states of the RDS are those points where it reaches equilibrium and there is no 
dynamics (∂u / ∂ t = 0, ∂ v / ∂ t = 0), that is, at the fixed points (u0, v0). On the other hand, an unsteady state is where 
there is dynamics and the value of the eigenvalues determines the form of the RDS solutions and therefore the unsteady 
states: 

𝜆𝜆±=
1
2

(𝛾𝛾) ± �(𝛾𝛾)2 − 4(1)(𝜔𝜔).                                                          (34) 
 

2. Results analysis of linear stability and its computational simulation. 
2.1. Spatio-temporal instabilities.  
To find the Turing instability (s) of our reaction system, which we will call the OH-NOx reaction model, we used 

the Gnuplot 5.2 graph, the parameters taken were "L" and "D", where L represents the concentration of hydroxyl radicals 
and D represents the concentration of nitrated compounds (NOx), the range of values taken for L and D were 0 to 1 in 
both cases. 

 

 

 

Figure 1. Turing instability graph (a) view of positive lamda (upper plane orange-yellow color) and negative lamda 
(violet color) lower plane, (b) view of the trJ and detJ, corresponding to a saddle point 
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pOH pH D L Figure 2 
2 12 0.5 1x10-2 C) 
7 7 0.15 1x10-7 B) 

11 3 0.9 1x10-11 A) 
 
Figure 2, according to the mathematical analysis of Turing instability that predicts the type and shape of the emerging 

patterns of the temporal solution of the reaction-diffusion equations for our system. The curvature of the contour lines in 
Figure 1 (a and b) colored lines that are shown along the planes at the bottom of both positive and negative images, as 
well as trA (trace) and detJ (determinant) that clearly denotes the type of instability called saddle point according to 
literature. This means that this state of stability is always unstable far from zero for the OH-NOx reaction model. In 
addition to it, is found a Turing-Bogdanob-Takens instability for L << 1 (see Fig. 1), it is: 1x10-2 >= L. 

2.2. 3D Computer Simulation. 
Python 2.7.6 64-bit and Mayabi2 [11] were used to carry out the 3D modeling, runs were made for L = 1x10-8 and 

D = 0.5 with the following parameters, grid size 128 x128x128, mesh size between node and node dx = π / 4, time step 
dt = 0.01, Da = 5 and n = 100,000 iterations and dimensionless time t = n dt = 1000. 

The reaction-diffusion system was solved according to the parameters in the following table 1. 
From table 1 the simulations were for three different pOH, each with different diffusion ratio factors D. Figure 3 (a) 

shows the behavior in the acid medium of the production of hydroxyl (left) and nitrated compounds (center) for the time 
100 to 10,000 iterations which is the same as it is 50% for both, the diffusion can be observed in the red-orange zones 
themselves which are the regions of greatest concentration, the 3D simulation of the mixture (right) presents zones of 
high intensity in which the diffusion of both compounds distributed at random is carried out, the areas of king blue 
represent less diffusion. 
a)                    OH                                         NOx                                  OH+NOx 

 

b)                    OH                                         NOx                                  OH+NOx 

 

c)                    OH                                         NOx                                  OH+NOx 

 

Subsequently, Figure 3 (b) for a neutral medium pOH 7 (pH 7) for the time 900 to 90,000  

Table 1. Parameters used for 3D simulations in Python 

Figure 2. 3D simulations obtained by Python for hydroxyl radicals (left column), nitrated compounds (center columns) and 
mixture of both compounds (right column) for (a) time 100, (b) time 900, (c) time 1000. See Table 1 for known the values 
of control parameters D and L 
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By iterations recurring, is shows that the spatio-temporal diffusion dynamics of the production of nitrated NOx 
compounds and hydroxyl radicals under the influence of the photocatalyst of bismuth oxyhalides, is carried out in a 
controlled manner, the production is 50% just like an acid medium. 3D simulations show significant activity in the 
formation of hydroxyl (bottom left, left image) and nitrated NOx compounds (bottom left, central image), the diffusion in 
the mixture is concentrated in the same area as in the two previous images. 

Finally, simulations were obtained for the basic medium at pOH 2 (pH 11), Figure 3 (c) represented for the 
dimensional time 1000 units (or 100,000 iterations), we can note that the diffusion and production process of both 
compounds is faster, we shows that the efficiency in a basic medium of nitrated compounds (NOx) (central image) 
effective, since, the production is 93% and only 6% of hydroxyl after the reaction is finished, the evolution over time 
describe an accelerated diffusion process for the formation of radicals and nitrated compounds. 

Conclusion. 
The mathematical model proposed for the description of reaction-diffusion due to Bismuth oxyhalide photocatalysts 

demonstrate that they are useful to exemplify the formation process of the compounds of interest. It can be seen how the 
hydroxyl potential (pOH) influences the reaction speed of the OH-NOx reaction model, since it can be seen how the 
diffusion is carried out with greater speed for more basic potentials and a slower behavior for high potentials. Conversely, 
the reaction rate is carried out for basic pH and is slower for acids, given the inverse relationship between pH and pOH. 
Furthermore, the existence of spatial instabilities such as diffusion-induced instability (Turing instability) and a type of 
critical instability (Turing-Bogdanov-Takens) due to small perturbations of the uniform steady state, and the relationship 
between these instabilities are shown, showing that Turing space is the number space where the parameters of a model 
meet the given formations and the formation of spatio-temporal patterns is possible. 
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