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Abstract. In this research work proposal, a way to generalize the thermokinetic Oregonator model in order
to simulate the dynamics of oscillating chemical reactions. The simulations to be carried out use elementary
numerical methods using the Runge Kutta method, which are a very good approximation of the
mathematical solutions of the models of these complex systems of nonlinear chemistry. The implications
of the results of the simulations lie in the reproduction of the nonlinear dynamics of thermokinetic
oregonator model to temperatures different from room temperature. Additionally, the linear stability
analysis is established to find the oscillation regions in the parameter space of the proposed model.
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INTRODUCTION

In the 1930's, the kinetics of oscillating chemical reactions was little understood and less studied. The pioneering
work of Alfred Lotka in 1910, discovered and constructed a mathematical model of a chemical reaction whose irreversible
autocatalytic process showed the behavior of color changes from dark to light (oscillations) [1,2]. In the 1920's other
works developed by William C. Bray were published, who, by means of a reaction, whose product is the catalytic
decomposition of hydrogen peroxide under the influence of iodite ions, also presented oscillations in terms of color change
[3]. One more attempt to study the oscillating reactions, and perhaps the most important historically, was made by the
Russian Boris P. Belousov, who was interested in investigating the process of glycolysis, succeeded in experimentally
making an autocatalytic oxidation reaction that was equivalent to that process [4]. However, none of these works nor
those elaborated in the following two decades succeeded in revealing the underlying mechanism of this type of chemical
behavior. Even when Belousov tried to publish his results, he was refused, because his experiment could not exist since
it violated the second law of thermodynamics. This confusion was resolved by Anatoly M. Zhabotinsky 25 years later,
who proposed other chemical reagents such as malonic acid, cerium bromite and cerium bromate to find the mechanism
of chemical oscillations: the existence of an autocatalytic oxidation-reduction reaction process [5]. Because of these
historical events the latter chemical reaction is called the Belotisov-Zhabotinsky reaction, or BZ reaction. Zhabotinsky
himself proposed a variant of the experimental arrangement finding that the chemical oscillation process can be extended
to spatio-temporal behaviors [6], as well as a further variant is the shape of the spatio-temporal patterns formed by the
chemical reaction [7]. These experimental findings are studied with mathematical modeling. Taking as a starting point
other similar oscillating reaction, mathematical models have been developed based on the dynamics of chemical kinetics
such as the thermokinetic Oregonator [9], which can be extended and solved with computational simulation methods to
reproduce the spatiotemporal patterns that present chaos [1].

THE MODEL

New Molarity model. Based on the work of Marco and collaborators [1], we have the following:

Taking as references the equations presented in [1] [(see Egs. (1) and (2)] applying the law of masses we have that
the new nonlinear molarity model will be by:

Taking into consideration that,

_2kalX] rpq _ FalAl o ks[Y] o _ kalAl kR
=T X =50 xy = V=S yir =30t M
Using the fact that:
4 _dtd _ dt_ ki
i atdr o ar ky @
Considering (1), for the law of mass action that,
d[X
= holky [AIIX] — ks [X1[Y] + ko [AI[Y] — 2k, [X]?] 3
Taking into account Eq. (2):
dlxX] _ kalAldrdx _ kl[A]k_éd_x _ kqlA]k§ dx - dx _ 2ksks d[X] 4)
dt 2ky dtdt  2k4 kydt  2kgk, dT dt ~ kq[AlkZ dt
After some algebraic manipulation and substituting the above in (3), we obtain:
ax _ 2k4ky kq[AT\ . k1[A] (kilA] AN kqlA 2
dr °k A]kz{ []( 4)x k5(2k4)(k5) +k7[A]( )y 2k4(2k)x} ®)

Simplifying we get,
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d 2k k7 (k1[A])? 2kak ko k 2kak
= ho G (x —xy + 2Ty — 2%} = hg T x —xy + 24Ty —x?) ©)
Finally, we obtain that,
ax _ 1, _ _ 42
o= x—xy+aqy—x7} (7
where,
1 kZ(T) 2k4(Tk7(T)
e(T) = —— 20 q(T) = 7 ®)

ho k1 (T)k7(T)[4]’ k1 (T)ks(T)
These are dimensionless parameters.
By rewriting Eq. (7) as,

dx  qy-xy+x—x2
. ©)

Unlike the findings of Marco and his colleagues on the concentration of y, in which only the linear case was
considered and non-linear terms were ignored, resulting in a linear equation (see reference [1]), our work expands on
theirs by including second-order non-linear terms. This led us to obtain a non-linear ordinary differential equation for the

concentration of y.
d[Y]

— = fke[BIIZ](1 — w) — hoks[X][Y] — hoks[A][Y] + k1,[B] (10a)
In which it was considered
o Kes ot ty. 1] . CealAD? _ o keg (e (kalAD?
w = ho 22 ([C] = [2]); [2] = {2502 = w = ho "2 ([€] - {25 2) (10b)
additionally using,
_ kslvl, _kalA]l K3
= Bl y) = alflyr = 5y an
we finally obtain,
o, —Ropay—3hopxy+fz+pa—hof Bz+hof fyz? (12)
dt 8
where,
2k4(T)k12(T)(B] k_s(MIC] (k1 (D)[AD?
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80 = i mrsmm P = ki 4D = L mem (14)
Finally, we calculate the parameter for Z, taking into account
[z
2 ~ 2hok, [A]X] — ke [B1[Z1(1 - w) (15)
_p ks _ 171 UealA ]) (eq[AD? _ k& . _ kalA]
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Thus, we finally obtain
d [B]
= ~ hop (r[Blpx — 22 — By[Bl2* + B[B]) (17)

Whose parameters are dimensionless. In particular, if » and hy y [B] are equal to one and § = 0, the original model
present in [1] is recovered. This implies kg — oo that while k_g[C] remains approximately constant, k, — k; or vice versa
and [B] - hy — 1 (i.e. they tend to be maximums).

2k4(T)k12(T)[B] k_g(DIc] (k1(D)[A])?
a(T) = (k1 (T)[A])2 BT = ko(T) y(1) = ka(T)k7(T)[B[C] (18)
2k4(T)ks(T) k7(T) . 2k4(T)k(T) | k7(T)
(1) = k1(T)ks(T)[A ip(T) = kg(T)’ M) = k1 (T)ks(T) ’ (1) = k1(T) (19)

Therefore, the first-order generalized Zabotmsky system in which the reaction-diffusion equations of the proposed
model are as follows:

dx _ qy-xy+x—-x? _
ne . =F(x,y,2),
—_ — — 2
4y —pay—pxy+(f-ppz+fByz +pa _ G(x,y,2), (20)

dt )
d
= ~ hop[Bl(rpx — z — Byz* + B) = H(x,,2).
Considering that if o = [H"] (Hammett’s acidy function) is equal to one, it means that the reaction takes place in an
acidic medium.
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LINEAR STABILITY ANALYSIS AND NUMERICAL SOLUTION

The stability analysis is the reflection of the work done from different references here. Here reference [1] is folowed
to study the stability of Egs. (20) from the following process:
a. Fixed points calculus. For this analysis, the fixed points are calculated from the non-linear terms of the system
in a temporally and spatially stationary state:
qYo — XoYo + X — x5 =0,
—Payo — pXoYo + (f —pB)zo + fPyz§ + pa = 0, @n
TPX0 — Zo — PYZ5 + f = 0.

1. Calculus of Jacobean and eigenvalues: The Jacobian obtained from the non-linear terms of the dynamic
system given by Eqgs. (20) is presented.

Mmy; Myz Myz i[l —y - 2] i(q - 0
J(k?) = (221 a2 223> = =py =plg+x) $If —pB +2fByz] (22)
wom p*r[B] 0 —p[BI(1 +2py2)

2. Calculus of eigenvalues from the linearization of non-linear terms:

J(kD =AM =0=

%[1—y—2x]—ka2—A i(q—x) 0
=Py =p(q+x) = Dyk? =2 sUf —pB +2fBy7] =0, (23)
p*r[B] 0 —p[BI(1 + 2pyz) — D,k* — 2

Obtaining the equation to solve:

Bra2+bl+c=0 (24)
Where:
a = —(myy + Myy + M33), b = MyyM33 + MyMzz — My My — MypMyy,
C = Mq12M31M33 — Mq2M31My3 — My11Mz2M33 (25)

Being £, the wave number and replacing diffusion.

When at least 2 eigenvalues are pure imaginary, they are called Hopf instability, is the case considered in this work.
An important case to mention is when we have: Complex eigenvalues, in this case, we consider: a). 2 complex conjugate
eigenvalues and 1 positive real and b) 2 complex conjugate eigenvalues and 1 negative real. Therefore, in the most general
case the eigenvalues are such that:

=Y tind; =¢ (26)
If equation (24) is solved using Cardano’s equations, it can be shown that:
a=—(2p+¢)b=19*+¢*+2pp,c = -@* + $*)¢ @7

n cases a) and b), we have: = 0 = 4, = tiw,a = —¢,b = ¢%,¢c = —¢p* = ¢ — ab = 0 [by equations (27)].
A condition that satisfies both cases is: ¢ = 0.
So the Hopf instability is given by the condition: ¢ — ab = 0, which by equation (24) is equivalent to,
MMy M3z — MyMy3May + My MypMas + (Myg + Myy + Maz) My My + MyyMas + Magmyy — my;my;) = 0
(28)

RESULTS OF SIMULATIONS
Next, we show the numerical results of the Hopf instability for certain values of the considered parameters. By

numerically solving the Eq. (21) using the numerical method of Runge Kutta with step dt = 0.005 time and fixed initial
conditions x, = 0.3,y, = 0.7,are obtained the solutions shown in Figs. 1, 2.
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Figure 1. The plots of the left column shows the elimination of the oscilations when the value of control parameter §
is incremented for p = 1,B =1 and r = 1. The value change of the control parameter r alters the shape of the
oscilations and when r = 0 forp = 1, B = 1 the value of contrations x, y and z tend to their fixed point (see right panel)

In this work, we reproduce the general model already published (reference [1]) in which we
considerer § = 0,y = 0 and vary the value of § which in fact decreases from the value of § = 0,0025 to
6 = 0,0137 (see panels A-E of Figure 1) until it cancels out, i.e. a dither of the reaction is obtained and the
oscillations disappear (panel E) by decreasing the oscillation frequencies and for intermediate values of § in the
above given interval. It is found from these results that the parameter § modulates the oscillations until they
decrease which turns out to be the only parameter that does so. An interesting result that can be observed from the
graphs in the panels
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Figure 2. The plots of the left column shows how changing the value of control parameter 7, the oscilations number
decremented for r = 1, B = 1. The difference between the control parameter p and r is that p does not eliminate
oscillations, it simply extends the oscillation period. The control parameter B has a similar effect on the oscillations as
that of 7 and p. The right column shows the effect of the B and y control parameters on the oscillations, which are highly
sensitive to the § parameter for r = 1, no matter how small its value is, in such a way that if its value is large enough,
the oscillations are damped. While regardless of the value of the y control parameter, the oscillations do not change in
any way

on the left of Figure 1 is that the control parameter r determines when the oscillations end and at what concentration they
stabilize. Unlike what might be considered, this parameter does not cancel out at the origin. On the other hand, when
fixing the other parameters and varying p, as shown in panel G) of Figure 2, it can be seen that the value of beta
f = 1x107>, although small, modulates the frequency and can make the oscillations advance faster or even destroy
them. The beta parameter is the most sensitive of all, as small variations in it can significantly modify the oscillations, as
can be seen in panels H, J, L of Figure 2. This is due to its association with the quadratic terms in the equations [see Ecs.
(21)], resulting in the expansion in power series of the model already published in [1].
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CONCLUSIONS

The proposed thermo-kinetic Oregonator model is the generalization of models reported in Refs. [1-3, 5, 6], is easy
to study numerically and analytically such that reproduces the models published in Refs. [7-9]. This property of our model
allows extend this study to a thermodynamic and Physic-Chemical treatment [1, 8], but this point is a reason for future
work. Furthermore, our model has a nonlinear chemical dynamic given by kinetic and physicochemical feedback
mechanisms to reproduce the behavior of realistic chemical oscillations,

The proposed thermokinetic oregonator model is a second-order generalization of the model proposed in Ref. [1]
[and its references therein] to study numerically and analytically what the model proposed in [1] reproduces. The
properties of our model allow for an extension of the study towards a thermodynamic and physicochemical approach,
making it a good basis for further studies on reaction-diffusion in nonlinear chemical systems, such as Turing instabilities,
for example.
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OBOBUHIEHUE MOAEJIM TEPMOKHHETUYECKOI'O OPEI'OHATOPA
3enteno Marteo b., Mopasec M.A., Ceppano P.A., CepBantec TaBepa A.M.,
Xoce Ucparabs RM, DpHanaec CaHThro AA
ABTOHOMHBIH yHHBepcHTET [1yr01a

2. [ys6na, Mekcuka
[Mocrynuna B penakiuio 28.07.2023. DOI: 10.29039/rusjbpc.2023.0645

Annotanus. B pabdore npemaraercsi criocod 0000IIUTE TEPMOKHHETHUECKYIO MOZIEb OpPEroHaTopa s
MOJICTIMPOBAHUS TUHAMHKH KOJIeOaTeIbHBIX XUMUYECKUX peakuuii. it MoaennpoBaHus UCTIONB3YIOTCS
JJ€MEHTAapHbIE YHCIEHHBIE METOJBl C HMCHOIb30BaHUEM MeToaa PyHre—KyTTel, kOoTOphIE NalOT OuYEeHb
XOPOIIYIO aMIpOKCHMAIMI0 MAaTeMAaTHYECKUX PEUICHHH MOJETCH 3THUX CIIOXKHBIX CHCTEM HENIWHEHHOMH
xuMuH. CMBICT Pe3yIbTaTOB MOJCIMPOBAHHS 3aKIII0YACTCsl B BOCIPON3BEICHUN HEIIMHEHHON ANMHAMUKI
TEPMOKMHETHYECKOH MOJENIM OPEroHaTopa K TeMIlepaTypaM, OTIMYHBIM OT KOMHaTHOH. Kpome Toro,
MPOBOIUTCA AaHANW3 JIMHEWHOW YCTOWYHMBOCTH [UIA TIOMCKa OOyacTel KoieOaHWi B TIPOCTPAHCTBE
MapaMeTpoB MpeAIaraeéMoi MOJIEIH.

Kniouegwie cnoga: mooenv opeconamopa, ocyuniupyroujas XUuMuieckas peakyus, HeliuHetnas Xumus.
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