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Abstract: The problem of mathematical modeling of the diffusion of nonequilibrium 

minority charge carriers generated by kilovolt electrons in semiconductor targets is 

considered. Models are considered that make it possible to perform calculations in ho-

mogeneous targets and multilayer planar semiconductor structures. In carrying out the 

calculations, the matrix method was used, which makes it possible to solve the differen-

tial equations of heat and mass transfer in multilayer planar structures with an arbi-

trary number of layers. Some results of mathematical modeling of the processes of in-

teraction of wide electron beams with planar structures for GaN and substrate materi-

als (SiC and Si) are presented. 
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Аннотация: Рассмотрена проблема математического моделирования диффузии 
неравновесных неосновных носителей заряда, генерируемых киловольтными 
электронами, в полупроводниковых мишенях. Рассмотрены модели, позволяющие 
проводить расчеты в однородных мишенях и многослойных планарных полупро-
водниковых структурах. При проведении расчетов использовался матричный 
метод, позволяющий решать дифференциальные уравнения тепломассопереноса 
в многослойных планарных структурах с произвольным числом слоев. Приведены 
некоторые результаты математического моделирования процессов взаимодей-
ствия широких электронных пучков с планарными структурами для GaN и мате-
риалов подложки (SiC и Si). 

Ключевые слова: математическое моделирование, полупроводники, широкий 
электронный пучок, неосновные носители заряда, диффузия. 
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1. Introduction 

Gallium, indium and aluminum nitrides are promising materials for mi-

cro-, opto- and microwave electronics [1, 2]. The properties of these materials 

[3] are such that semiconductor devices based on them can operate at high volt-

ages, temperatures and in adverse environmental conditions, for example, under 

radiation exposure – in nuclear reactors or in space. Because of this, the prob-

lem of studying the process of heat and mass transfer in these semiconductor 

materials and structures based on them is of interest both from a theoretical 

point of view of describing physical processes and from a practical point of 

view of technology for creating, improving and using semiconductor devices. 

One of the few methods that allow non-contact non-destructive diagnos-

tics of such objects are electron probe methods based on the use of beams of 

kilovolt electrons. Registration of informative signals excited in the target and 

comparison of experimental data with the mathematical model of the phenome-

non under study allow us to identify target parameters that are very difficult or 

even impossible to determine using other methods [4, 5]. 

This paper discusses some of the problems of modeling the processes of 

interaction of wide electron beams with homogeneous materials and planar mi-

crowave structures based on gallium nitride. 

2. Homogeneous materials 

2.1. Collective diffusion model 

In this case, the differential equation for the diffusion of nonequilibrium 

minority charge carriers (MCCs) generated by a wide electron beam in a semi-

infinite homogeneous semiconductor target has the classical form [6, 7]: 
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Here D , L ,   are electrophysical parameters: diffusion coefficient, diffusion 

length and lifetime of the MCC, respectively, while ,L D  and s  is the rate 

of surface recombination of the MCC. The function  p z  describes the depth 

distribution of non-equilibrium MCCs generated by an external energy impact 
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after their diffusion in the semiconductor. Function  z  is the dependence on 

the coordinate of the density of MCCs generated by an electron beam in a semi-

conductor target prior to their diffusion. The solution to problem (1), (2) is giv-

en in [6, 7] For a wide electron beam  z  can be found from the expression for 

the energy density of the electron beam released in the target per unit time be-

fore the start of the diffusion process [8]. 

2.2. Independent sources model 

The diffusion of MCCs generated in a semiconductor target by an electron 

beam is modeled using the model, according to which the diffusion of nonequi-

librium MCCs generated by an electron beam from any microvolume of the sem-

iconductor is not affected by other electrons or holes from other microregions of 

the material. In this case, for one-dimensional diffusion in a semi-infinite semi-

conductor, the depth distribution of excess MCCs is given by the expression 

 0 0

0

( ) , .p z p z z dz



  
 

The function  0,p z z  describes the distribution over the depth of the MCCs 

generated by a plane infinitely thin source located at a depth 0z ,  0 0,z   ; z  is the 

coordinate measured from the flat surface into the interior of the semiconductor. 

The distribution  0,p z z  is found as a solution to the differential equation 
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From the solution (3), (4) we find the required distribution of MCCs after 

their diffusion. 

Note that model (3), (4), in principle, allows modeling layered structures 

with different material parameters in each layer. 

3. Inhomogeneous materials 

3.1. Model for a semi-infinite multilayer planar semiconductor structure 

based on the model of independent sources 

Initially, to solve this problem for a multilayer semiconductor structure, 

standard methods of mathematical analysis were used. Using these methods (see 
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(3), (4)), we have obtained a solution only for two-layer and three-layer struc-

tures [9, 10]. An attempt to obtain an analytical solution for an arbitrary number 

of layers of a multilayer structure was unsuccessful. This problem was solved 

using the matrix method (see below). 

3.2. Model of diffusion of non-equilibrium minority charge carriers generated 

by wide electron beam in a multilayer semiconductor target with final thickness 

In the case of one-dimensional diffusion into the final semiconductor 

along the ОZ axis, perpendicular to the surface of the n-layer semiconductor 

structure   0,z l , the depth distribution of the MCC is found as a solution to 

the differential equation: 
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The superscript in parentheses indicates the layer number. For a 

multilayer structure, we denote: 1 0z  , 1nz l   - the outer boundaries of the 

semiconductor, 2 3,  ,  ...,  nz z z  - the coordinates of the interfaces of the layers; 
( )iD , ( )iL , ( )i  are parameters: diffusion coefficient, diffusion length and lifetime 

of the MCC in the i-th layer, respectively, while ( ) ( ) ( ) ,i i iL D   1,i n . At the 

boundaries of the semiconductor (at 0z   and at z l ) the reduced rates of 

surface recombination (1) (1) (1) (1)
sS L D , ( ) ( ) ( ) ( )n n n n

sS L D , where (1)
s  and 

( )n
s  are the rates of surface recombination of the MCC in the first and n-th 

layers, respectively. The function  ( )ip z  describes the depth distribution in 

the i-th layer of non-equilibrium MCCs generated by an external energy impact 

after their diffusion in the semiconductor. Function  ( )i z  is the dependence 

on the coordinate of the density of MCCs generated by an electron beam in a 

semiconductor target prior to their diffusion. For a wide electron beam, it can be 

found from the expression for the energy density of the electron beam released 

in the target per unit time before the start of the diffusion process [8]. The 

solution to problem (5), (6) can be obtained by the matrix method [11, 12]. 
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4. Results of mathematical modeling 

Some results of mathematical modeling of the processes of interaction of 

wide electron beams with planar structures for GaN and substrate material SiC 

and Si are shown in fig. 1 and fig. 2.  

Fig. 1 shows the distributions of the MCC  p z  generated by the electron 

beam in the semiconductor structure “GaN film-GaN substrate” for various 

thicknesses and beam electron energies: 5, 10, 15, 20, 25 and 30 keV. The follow-

ing parameter values were used: for a GaN film 35L  µm, 610  s, 30S  , 
91.05 10sv   µm/s, 91.22 10D   µm2/s; similar values for a GaN substrate are 

30L  µm, 510  s, 30S  , 79 10sv   µm/s and 79 10D   mkm2/s. The layer 

thicknesses are as follows: a – 0.5 µm thick (0.1 µm GaN film and 0.4 µm GaN 

substrate); b – 1.9 µm thick (0.1 µm GaN film and 1.8 µm GaN substrate); c – 

3.6 µm thick (0.1 µm GaN film and 3.5 µm GaN substrate). The parameters of the 

film and substrate are selected so as to show the influence of the thickness of the 

structure and the energy of primary electrons on the MCCs distributions. 

The curves shown in fig. 2 illustrate the influence of the electron beam en-

ergy and electrophysical parameters of GaN on the results of diffusion of MCCs. 

At an electron beam energy of 10 keV, almost all of their energy is released in a 

0.5 mkm thick target – see figure 1a. An increase in the beam energy for a film 

of this thickness leads to a decrease in the energy lost in the target (figure 1a) 

and, as a consequence, to a decrease in the generated MCCs. The smaller value 

for 10 keV, as compared to the distribution at 20 keV, may be associated with 

stronger influence of surface MCC recombination. Note that the value of the re-

duced rate of surface recombination is quite large, and the value corresponds to 

an almost infinite rate of surface recombination. 

Analysis of the parameters of various multilayer planar structures and pro-

cesses for various electron energies [11, 12] suggests that for films with a rela-

tively small thickness, model (5) can be used with the right-hand side  z , 

which is characteristic of the substrate material. 

Otherwise, the calculations should use the parameters characteristic of the 

film material. 

In such cases, on the right-hand side of equation (5), it is necessary to use 

one  z  that depends only on the parameters of the substrate or film, and this 

equation will have the following form: 
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Fig. 1. Normalized to the power Еа, released in targets by an electron beam, energy losses by 

electrons in single-crystal gallium nitride (solid curves), silicon carbide (dashed lines) and silicon 

(dash-dotted lines). Energies of the beam electrons: 10 (a), 20 (b) and 30 (c) keV. 
 

Рис. 1. Нормированные на мощность Еа, выделяемую в мишени электронным пучком, 

потери энергии электронами в монокристаллическом нитриде галлия (сплошные кривые), 

карбиде кремния (штриховые линии) и кремнии (штрихпунктирные линии).  

Энергии электронов пучка: 10 (a), 20 (b) и 30 (c) кэВ 
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Fig. 2. Depth distributions of MCCs generated by an electron beam in a two-layer semiconductor 

structure of gallium nitride: a – 0.5 µm thick (0.1 µm GaN film and 0.4 µm GaN substrate);  

b – 1.9 µm thick (0.1 µm GaN film and 1.8 µm GaN substrate); c – 3.6 µm thick (0.1 µm GaN film 

and 3.5 µm GaN substrate). Electron energy of the beam: 10, 20, 30 keV. 

Рис. 2. Распределение МСС по глубине, генерируемых электронным пучком в двухслойной 

полупроводниковой структуре из нитрида галлия: а — толщина 0,5 мкм (пленка GaN 0,1 

мкм и подложка GaN 0,4 мкм); б — толщина 1,9 мкм (пленка GaN 0,1 мкм и подложка GaN 

1,8 мкм); c — толщина 3,6 мкм (пленка GaN 0,1 мкм и подложка GaN 3,5 мкм).  

Энергия электронов пучка: 10, 20, 30 кэВ 
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5. Conclusions 

The analysis of the considered models showed that the most acceptable is the ma-

trix method, which allows one to obtain a solution to the problem in an analytical form. 

In this case, the best results are obtained when using as a substrate material one that has 

close parameters characterizing the energy dissipation in the film and substrate. In this 

case, the substrate parameters can be used on the right side of the differential equation. 
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